13. E. K. Chekalin and L. V. Chernykh, "Electrophysical properties of temperature boundary
layers at electrodes in a flow of conducting gas," in: MHD and Electrophysical Character-
istics of Conducting-Gas Flows [in Russian], Issue 8, Minenergo SSSR, Glavniiproekt,
Moscow (1973).

14, E. K. Chekalin, L. V. Chernykh, M. A. Novgorodov, and N. V. Khandurov, "Determination of
the electron concentration in a supersonic plasma flow by means of a wall electrostatic
probe," in: Proceedings of the All-Union Symposium on Aerophysical Research Methods [in
Russian], Izd. ITPM Sib, Otd. Akad. Nauk SSSR, Novosibirsk (1976).

15. E. K. Chekalin, M. A. Novgorodov, and N. V. Khandurov, "Effects of electron—ion recombina-
tion in the boundary layer on the readings of an electrostatic probe," Zh. Tekh. Fiz.,
45, No. 7 (1975).

CALCULATION OF THE VOLI—AMPERE CHARACTERISTICS OF A NONINDEPENDENT
VOLUMETRIC ELECTRICAL DISCHARGE

V. V. Aleksandrov and V. N. Diesperov upC 537.5

An analysis of a nonindependent volumetric electrical discharge in the phase plane makes
it possible to describe the structure of this phenomenon in a very simple manner and construct
the volt—ampere characteristics over a broad range of parameters.

1. A volumetric electrical discharge in a dense gas induced by hard ultraviolet rays,

X rays, reactor radiation, or a beam of fast electrons is widely used in the design of operat-
ing chambers of high-powered electroionization gas lasers [1, 2] and high-curreat switching
devices [3]. This discharge can be simulated by a plane capacitor which has fairly high volt-
age applied to its plates. The space between the electrons is filled with a gas which has a
temperature of the same order as room temperature and is weakly ionized as a result of an
external source, e.g., an electron beam. Given a number of assumptions, which are reasonably
well satisfied for modern lasers [l, 2, 4], a nonindependent stationary volumetric electric
discharge can be described by the following system of equations for the electrons and ions
moving in a fixed gas consisting of neutral particles:

di, d;

 riinlr i Lot ol e Preni,

dr . .

— =4n|e|(ne— n), je= penek/p, ji=piniElp, L.1)

L

je(0) = 77:(0), Ji(1) =0, | Edz —U.

0

Here the coordinate x is measured from the cathode (x = 0) to the anode (x = 1); je and
41, densities of the electron and ion currents; ne and ni, electron and ion densities. The
electron and ion currents vary as a result of the impact ionization of neutral particles by
electrons, which is proportional to the density of the electron current multiplied by the
impact generation function a, to the external lonization, whose intensity ¢ will be assumed
to be a known quantity, and to the binary recombination, equal to the product nenj, with a
proportionality constant B, known as the first Townsend coefficilent. In the drift approxima-
tion under consideration, the currents je and ji are proportional to the intensity E of the
electric field, where ue and pjy are the mobilities of the electrons and the ions [5] and p is
the pressure of the neutral gas. The equation for the field E, in which e denotes the charge
of the electron, closes this system. The ion bombardment of the cathode results in the emis-
sion of electromns from the cathode, which is characterized by the value y, the second Townsend
coefficient. The ion current at the anode is equal to zero. A potential difference U is
maintained across the plates of the capacitor.

For the impact generation function a the two most widely used approximations are the fol-
lowing [5]:

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 1, pp.
48-60, January-February, 1981. Original article submitted November 20, 1979.
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o = Ap(E/p — B)*®(E/p — B); (1.2)
a = Cp exp (—Dp/E), (1.3)

where © is the Heaviside function. For nitrogen, for examplei A=1,17¢10"" cmemm Hg'V'a,
B = 32.2 Vecm 'emm Hg, C = 5.7 cm™ emm Hg™', D = 260 Vemm Hg~ ecm™'. The mobility of the
ions and electrons and the coefficient of the binary recombination will be taken to be con-
stant: uy = 2010° cm®emm HgeV'eem™, Hg = 3¢10° cm”emm HgeV™*, B = 2°1077 cm®esec™*. The
usual value of vy in the nonindependent volumetric discharge regime is on the order of 10-2,

By the "direct problem' we shall mean the problem of finding the solution of the system
(1.1) from the given values of p, q, and U, We formulate the inverse problem. Adding the
first two equations and integrating, we obtain the first integral of system (1.1)

Jo = jo + j; = const, (1.4)

which expresses the law of conservation of total current. The inverse problem comsists in
solving (1.1) on the basils of given values of p, gq, and Jo. Another possible formulation of
the inverse problem will be described below.

The equation U = U(Je) will be called the volt—ampere characteristic. The numerical
calculation of volt—ampere characteristics in the physical plane on the basis of system (l.1)
for constant q, p has been carried out in [1, 2, 4, 6, 7]. For a given J,, at some distance
x from the cathode, the value of the intensity E was specified. Then, by a choice of x and
E, the investigators found the integral curve satisfying the boundary condition at the
cathode.

A comparison of the calculated volt—ampere characteristics of nonindependent discharges
in nitrogen at atmospheric pressure with experimental characteristics showed good agreement
in the high-current range [1, 2].

We can convert the initial equations (1.1) to dimensionless equations by using the
formulas

z = L', n, = nyn,, n; = nong, Jy = Jeod o, fo = jeﬂj;.f;,
ji= jmj;j(’“ E = EoE': Jeo = }LcnoEo/Po» p= p(;l)'v (t.5)
g=q4, n=V a/b,

where po and qo are the pressure and volumetric frequency of ionization by an external source
that are characteristic for a class of physical devices; ne 1s the concentration of electrons-
or ions in the positive column of the volumetric discharge for a volumetric ionization value
of q. The characteristic value Eq of the electric field intensity will be defined below.

Let us describe the dimensionless equations, making use of the integral (1.4) and omit-
ting the primes:

die 1P q Joje(i_“j:’)]
Ye 1P G wEIp) 47 [_.._T,
SRR, T 1.6)
g UwJ, , .
e N

1
o (0) = +9), Je() =1, | Edz =UKLE,); (1.7)

4

Lpyn,B Iy 1.8
T, o= pillte, G:ZW' ( )

TR

For the approximations (1.2), (1.3) we have, respectively,

S(8) = (8 — 10 — 1), A = 1/Lp,AB®, v = Eq/p,B; (1.9)
S(E) = exp (—1/8), A = 1/Lp,C, v = E,/p,D. (1.10)
If p and q are constant, system (1.6) is autonomic. The position of its equilibrium
points is determined by the equations
fep Sy q J0j8(1"jr‘)] —
'—[—\—S (’\E/[J) - Ty [‘7; - T = 07
ji = 1/(1 + “), E '7_&01
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from which we ootain the reiation

P , J
T4 S (VE/p) - 1y [7'-’; — (—rﬁ%ﬂ_l_‘“’] =0, (1.11)
relating the total current Jo to the value of the intensity E = E° at the singular point O.
Equation (l.11) for positive values of Jo and E° is always uniquely solvable. Therefore,

we can formulate the inverse problem by specifying either E® or Js. The latter possibility
was noted above. However, in this case difficulties arise in solving Eq. (1.11) to determine
the root E® = E°(Je) and in the subsequent analytic investigation of the problem. In the
first case the root Jo(E®) is found from the solution of the quadratic equation. This par-
ticular formulation of the problem will be considered below.

We shall assume that the value E® at the singular point O is always equal to unity.
This means that as the characteristic intensity Ee of the problem we choose the intensity of
the electric field at the point 0.

We fix some numerical quantities for the characteristic values of the wvariables (1.5)
and, using these, calculate tg, g, v, A. If we specify other values of the dimensional vari-
ables — the intensity Eo, of the electric field at the singular point O and the pressure p,
of the gas — and denote by ¢ the ratio E¢:/(Eep), (pi/pe = p), then t'g = 1R/e, o' = epo,

vl = ey, A' = A/p. The characteristic value of the current demsity varies in proportion to
€.

Now we formulate the inverse problem, which will be investigated below: for given values
of €, p, and q, find the solution of the system of equations

dx *®
= ; , >0
e 0f,S (evE) +|a/3 — 7, (1 — 1)/ (W13)] (1.12)
dE _ 1 Jo— /(14 1) .
~ @, SE w8 (veF) - a2 — i, (1 — 1)/ (RED)] (1.13)
& 1 1+4p __&p | ¢
o= ‘E;E—o’ 5 HGTRP’ 0 = J()TRA, \1.14)
. ep8 (ve) /82[1252 (ve) (1.15)
JO—(i—l"H)[ ZATR —{_] i 4A2T%2 _l"q L]
satisfying the boundary conditions
zy/A+91=0, z(1) =1 (1.16)

We shall seek a.solutiom in C'[y/(1 + v), 1].

Equation (1.13) has singular points: the nodes A(0, 0) and B(l, 0) and the saddle point
0[1/(1 + u), 1] (Fig. 1). In a neighborhood of the saddle point O the system (1.12), (1.13)
reduces to the equations

dx . %® d_ll o a‘ﬂz
dz a7 - apy’ dz - a2 1 agy’
z=j.— 11+, y=E—1, 0<y<g, |z]<t, (1.17)
- LA oS 2 a—
an = @S, (ev) + piow Y mllﬁ “f+yﬁ*“ﬂ 5

where the quantities Se¢(£) and S,(E) are the coefficients of the Taylor's series expansion
of the function S(EE) in a neighborhood of the point E = 1.

The eigenvalues of the second equation in (1.17) are
ha=an/2 -+ Va%l/é + 19051 >0, Ax = ay/2 — Va?l/l-l + 3005, < 0.

The behavior of the integral curves in the phase plane (jo, E) in a neighborhood of the
point O is described by the integral
2’A
z —— —
”21y

Aa/h
z—@”=x APK g const. (1.18)

%91

The integral curves entering and leaving the point O will be called separatrices. Their
behavior is shown in Fig. 1. The points of intersection of the separatrices with the straight
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lines jg = v/(1 + v) and jg = 1 for E > 1 will be denoted by Eg and EA, respectively. The
region which lies above a separatrix and in which we shall hereafter study the behavior of
the integral curves will be denoted by G. The subregion v/(1 + v) —1/(1 + 1)< z < 0 will
be called the cathode subregion, and 0 << z<{ u/(1 + u) will be called the anode subregion,
We denote by E;,: the point on the line je = 1/(1 + u) through which passes the integral
curve satisfying the conditions of the boundary-value problem {1.12)-(1.16). We shall call
this the true integral curve. We shall denote by yint the difference Ejpnr — 1 = y{ng. All
nonessential constants will be denoted below by a single letter C.

2. We note that in the boundary-value problem (1.12)-(1.16), Eq. (1.13) is integrated
independently of Eq. (1.12). The true curves were found in the following manner. The origin
of the x axis was situated at the point (1/(1 + u), Ey). This can be done, since system
(1.12), (1.13) is invariant with respect to a displacement of x. We took an arbitrary E, > 1.
From the point (1(1 + u), E.) an integral curve emanates in both directions. At the same
time, we calculated x = 1xK + x5 (and also the potential drop [A¢] by integrating E — Ep).
Here xyg is the value of x obtained in the cathode region in the integration of system (1.12),
(1.13), and x, is obtained in the anode region. For the true curve, x = 1. A characteristic
feature of the problem is the presence of large gradients in a neighborhood of the saddle
point O and large number of independent parameters on which the behavior of the integral curves
largely depends. - Numerical calculation showed that over a broad range of variation of the
parameters the quantity y;,, in practically equal to zero. An analytic estimate of the
quantity yine will be given below. Since the integral curves in a neighborhood of the point
0 behave like hyperbolas, this means that the calculation of the volt—ampere characteristics
can be carried out on the basis of the separatrices.

In the calculations we took Es/pe = 1 Vecm™‘emm Hg™', nge = 10*? cn™®, L = 10 cm as the

characteristic values of the dimensional parameters. The value of ¢ is restricted to the
interval of variation (3, 10). For this type of variation of ¢, the ¢lectron distribution
function is optimal for the excitation of oscillatory levels of nitrogen molecules [1, 2]. -

By level curves we shall mean the curves

. o [ a Te(t—1e) oF
omﬁwmﬁmﬁ~ e ]:C,%>& ‘ 2.1)
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They pass through the points A and B, and for C > 0 they lie above the curve (2.1),
which is intersected by the integral curves with infinite derivatives.

The most interesting case for study is the case of nonindependent discharge, when the
ionization of the gas volume is essentially due to the external ionizer and not to the
characteristic multiplication of the electrons in the electric field. This means that there
exists a value E = Eimp > 1 such that above this value we may assume that the impact ioniza-
tion begins to have a substantial effect on the behavior of the integral curves of the prob-
lem (1.12)-(1.16)., (We shall determine Eimp from the condition that the first term in the
demoninator of Eq. (1.13) is equal to the difference of the other two.) As E increases, the
angle of inclination of the integral curves in G will increase in absolute value, and when
we reach E = 1/(ve), it satisfies the equation |dE/dje| = 1/¥8(1 — v3e? + 2v3c? 1n ve) if
Yint < 1. The width of Eimp is Ejpp — 1/(ve)sw=t/2. If » » 1, then in the region E > Ejpp
the demoninator of (1.13) begins to increase rapidly, while the angle of inclination of the
integral curves begins to decrease. The behavior of the integral curves in this region de-
pends weakly on their behavior in the region 1 < E < Eimp. In the cathode emission layer,
as je >~ y/(1 + y) the value of the demoninator decreases again. As a result of this there
is a "burst" of the quantity E. We draw the straight line z = zx in the cathode region and
denote by Xg the value of x reached by the trué curve in the region G when z <{ zg. Further-
more, we take q; > qa and the straight line lying to the left of the point of intersection
of the true curves corresponding to q, and qa/ The point of intersection lies at a distance
of the order of (1 + w™*/2)/8[1/(ve)® — L — 2 1n ve from the straight line z = 0. Then by
using estimates of the right sidé\gi\fzé/g <12) and a qualitative analysis of the behavior
of the integral curves of Eq. (1.13); find that Xg(qz) > Xk(di). As Xg increases, so
will yinte.

The situation of the anode depends on whether the true curve reaches the value of Eimp.
This is so because the width of the anode region is equal to u/(1 +u) << 1, If 1 < E< Eimps
then the curves x = x(jg) differ from curve 1 of Fig. 2 in a neighborhood of the anode by a
value » and can be approximated by the lines x[z — u/(1 + u)] = x — x,.

Figures 1-3 show the calculation for the true curves for various values of ¢ and q.
Figure 4 shows the variation of yiny as a function of € and q (q> 10™"). Calculations
showed that it is exponential in nature. The behavior of the solutions of the boundary-
value problem (1.12)-(1.16) in the physical plane when ¢ = 4, 5, 10 and q = 10~%, 10™" is
shown in Fig. 5. It should be noted that the term describing the process of recombination
in the region E > Eypp has a local maximum. The region (v/(1 + ¥), 1/(1 + ¥)) in the phase
plane can be subdivided into zones, and in each zone we can distinguish the physical pro-
cesses which are the principal sources of the generation of electric current. In zone 3,
adjacent to the cathode, the principal role is played by impact ilonization. The electrons
knocked out of the cathode by the ions are multiplied in avalanche fashion by the distribu-
tion functions (1.9), (1.10), respectively. In the transition zone 2, equally important
roles are played by impact ionization, ionization, and (depending on the value of €) re-
combination. To zone 1 we assign the zone in which the impact ionization plays no role.

In a small neighborhood of the point O we can distinguish a region Ejnt < E < Ej, in which a
solution is described by the system (1.17) and recombination and ionization play equally im-
portant roles. For sufficiently small e there exists in zone 1 a region, adjacent to zone 2,
in which ionization plays the dominant role. The widths of zones 1 and 2 will be denoted by
z, and Zimp. They will be defined below; they correspond to E = 1/(ve) and Ejmp. In what
follows, we assume that |z;[ << 1, |zimp| << 1.

3. Over a broad range of variation of the parameters of the problem, calculations car-
ried out by using the functions (1.9), (1.10) yield results which are in good agreement. How-
ever, the special features of the behavior of the integral curves can be most clearly seen in
the case (1.9), since it is more amenable to mathematical investigation.

Using the variable z, we represent Eq. (1.13) in the form

%z% q; = 0 B (3.1)
mw(1+m+z]ES(st)jL;E—er[HLwE*FE}

The differential equation
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will be called the accompanying equation of (3.1).
In the case (1.9) its general solution has the form
22 o s | B (E—1(ve)® (I —1/(ve? ( 1 ‘ q o 7,

M+m%= am[ 7 — B ]OE—E)+Uﬁmﬁ5?W~D—“+M4Ta (3.3)

The integral curves (3.3) will be called the accompanying integral curves.

We consider first the case of the anode region 0 <Xz <Cu/(l + u). In this region the
inequality

0z, EY << Rz, E) (3.4)
is satisfied.

We draw the corresponding curve from the point z = 0, Efpy = 1 + yypes It will pass
above the true curve and the separatrix. The constant C = Cy in (3.3) has the form

v ].H (l -I‘ yint ) q
AT T p)? 272

4+ Yy ) (3.5)

We assume first of all that the corresponding curve does not take on the value Ejpp.
Using (3.3), (3.5), we can show that the inequality
e

In ——

9 ' 2 2 | N

2 (L Vi )? 12 ] T vim 1

—= —1 ”—I\'A—"‘—)""T</‘7A<'1
BT 22 | (Urim) (Lrm? e TS

is satisfied.
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From this inequality we find
d a ']z - 22
E<<(1 +yint) | ka + lv/(1 — k) —— 5l
(L+vine ) e

From this, in particular when yj,. << 1, we obtain an estimate for the intensity at the

anode:
1 1) e
ot 4]/ (- 4]+ % G.6

In the case when the accompanying curve enters the region E > Ejp,, i.e., when impact
ionization is connected with the formation of the solution, Ejp is found from the inequality
2

VZS « 7 Al 1 I ! ‘] ,‘2 (k‘/\. o 1) sz
3L+ Es (LA - \—b/) T 272 (‘EA - 1) T e (1 w)* < 29 (3.7

The value of Ej obtained from (3.7) satisfies (3.6). Numerical calculations have com-
pletely confirmed the validity of estimate (3.6). The difference between the right and left
sides reaches the order of 0.04. The reason for this level of accuracy is that the anode
region is quite narrow.

Now let us consider the case of the cathode region z < 0. The accompanying curve passes
through the point 0 when C = 0. For u/Vs > (1 —u)/Y2, the accompanying curve passes above
the line of infinite derivatives. The expression in square brackets in (3.1) is negative when
z> (0 —1)/(u +1). For these values of z, inequality (3.4) changes sign. This means that
the accompanying curve lies below the separatrix and the true curve. It intersects the
straight line E = 1/(ve) at the point

Yy g/ 1 , Inwve
a=—Ve Jﬁ(v%ﬂ DR 3.8
In the range of e values under investigation we have lz;l << 1, since /§ ~ 10°°. The
separatrix and the true curve intersect the straight line E = Ejipp inside the interval (z, =
0). It can be shown that in the case under investigation, the difference between z, and the
true value of z when yigp << 1 is of the order of (§/u) 1n ve. Numerical calculations showed
that when € >>3 and q 2 10'3, it does not exceed 107.

Let the symbol k represent an ordinal number. We define the quantity & by means of the
relation

2

%2 ——1-)2=k 2 & | kk(&), K (1) =0, ky(00) = (1 +p)-2
v;em(g 5 =k T | =R (@), () =0, k(o) = (. (3.9)

The number k is taken to be so large that, to a sufficient degree of accuracy, the last
two terms in the -denominator of Eq. (3.2) could be disregarded in comparison with the first
term. When k = 1, we have E’EéEimp. It can be seen that & satisfies the inequality

lecs<lifte V'u'j‘) (3.10)

Ve
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Now we substitute & into the integral (3.3) and obtain the value Z at which the accom-
panying curve (3.3) intersects the straight line E = &, We require that IZ% << 1, just as in
the case of z,. This condition will be satisfled if

81, 1/3 4w
Ik, :(Elsgm) 2k < o

0%
<V [ B T =

The separatrix and the true curve intersect the straight line E = & inside the interval
(Z, 0).

From estimates (3.11) it can be seen that the quantity kk, may be taken to be fairly
large, such that in Eq. (3.2), when E > &, the principal role will be played by the first
term in the denominator. In particular, when q = 1, ¢ >3, ka = 2, we have kk, > 23, and
|z| < 1/30.

27

(3.11)

Now we consider the differential equation

ar 1 Jo— (14w

—_—= e —— . 3.12
djp 8 v%Pwj B (£ —1/(ve))* ( )
It can be integrated:

soa [E(E—1/ve)® (E—i/’ve)“l_ _1_[. Inie] ,

vaw[ 3 —_ D "'6]V—T¥E’TC' (3.13)

We draw two integral curves (3.13) through the points (Z, &) and (0,&).
For jg —1/(1 + u) = z » 0, integral (3.13) takes the form

E(E —1/ve)®  (E —1/ve)? 1 2 (z3)_ '

Through the point (Z, &) there will pass a curve (3.13) with the constant C = C;:

S N Cy | Lt —1)— 22 L (f)
Cl”_(l—:—u)é—(1T”)[2Jg(g b (H~p)2}+04é’

and through the point (0, &) a curve with constant C = Ce:

& (& —1/ve) (&~ 1/\78)4] L0 (za)'

3 12 TV

C

) = — ﬁ_i—m+v2620)l

The separatrix and the true curve are found to lie between the curves (3.13) and the con-
stant values C; and Co. We denote by Egi., EKe, and E, the points of intersection of the inte-
gral curves (3.13) with C; and Co and the point of intersection of the separatrix with the
straight line je = Y/(1 + y). The following inequalities obviously hold: Eg, < Eec < Eg <Ego.
Since the angle of inclination of the integral curves is strictly negative, it follows that
ER:, EKo, Eg, Ec > 1/ve. The values of Ex, and Ego are determined from the equations
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VKki =EK‘1——%’ X = 29

When conditions (3.11) are satisfied, the last terms on the right sides of Eq. (3.14)
are much smaller than the first terms. This means that Ve and vg coincide, to a high degree
of accuracy, with vge and vg: and are the solution of the equation

U4_l__’i”_3=4 vy —Iny—1]

: Tve  “kLV : '

It is very laborious to find its solution in general form. We shall confine ourselves to the
asymptotic representation. If X[y — 1lmn y — 1] = ky/(4°3“v*e*), then Eg can be represented

in the form

1 1 1 ’ 1
Eg e — ’[Vé —Iny—1)——+ ____]- 3.15
B |V ax(y )= 5 e =T =T ( )
The number ks > 1 shows what fraction of the first term in the expansion of Ex is represented
by the second term. When ¢ = 3, ¢ = 1, we have EReasymp 2 40,45, and when ¢ = 10, q = 1, we

Using the relations obtained above, we estimate IXK| as a function of the values of
parameters (1.14). It should be noted that the value of lXK] reached by the true solution
is less than the value of IX' reached by the accompanying solution (3.3) with C = 0 and the
curve (3.13) which joins it at the point (Z, &), since in the phase plane it lies below the
true curve and JE/3C > 0O for the level curves in (2.1). The intensity taken on by the curve
(3.13) with C = C, at the point jg = 1/2 will be denoted by E,. Now we estimate Xg!

2 z 7 K (149 mitd+mz i . )
1) Xl S +5’+§‘+5 - 1“(, 57 ) N ”1+(1+u)z*+ S pa |
W CELT ) S ot e kk -
* Vs 4z 5 ove Bl ot Y Jl%(bz—-i)
s _ In [1/( + 1) -4—z1
' LdE , . e
- j_(_1+_________ l_zu_)_11/6____ < —(In2-FIny)yd - LW =2 /,:/.-1”) S (3.16)
7y V - ; —InE
v2e? . EY4 ! , (i t4 1
+Gj7?ﬂh~Z%HV% %—Jyrm&;—1—hliﬁ —In| 2| |<
14
i - e
<ﬁ, 6<|le<%|, EQ@g)—1=(01-+ p)v‘%, E(zg) < E.4.

The integrals in square brackets in (3.16) are estimated on the basis of the accompanying
solution. In the proof of inequalities (3.16) we made use of formulas (3.13), (3.11), (3.8),
and (3.3). From (3.16) it can be seen that IXK| reaches a value of the order of unity if
|Zg| ~ exp (=1/¥8). Here E(zg) — 1 ~ 6~/2 exp (—1//5).

Let us consider the case in which the process of impact ionization is described by the
function (1.10). All the relations derived above for (1.9) can be derived in an analogous
manner for the function S defined by (1.10). Therefore, we shall not repeat the calculation
in detail. The intensity &, as before, is found from the condition that the first term in
the denominator of Eq. (3.2) is k times as large as the difference of the two remaining terms:

1

& =— velin [#k, (&) 0}’ k=>1.

The value of & when k = 1 will be denoted by Ejpp. The value of Ep is found from the
equation .

Ex
® s' Eexp(—ﬁ.)dﬁ]:_é_w_lny—il.

Ey
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After substituting E = 1/(vet)

tK 2 3

exp(—1t) ,, Ve 1 . o
[ ot = =S —Iny =1l =g T In (i) (3.17)
T

When € > 3 and q<C 1, we have T > 7. The asymptotic formula (3.17) is no longer valid as
g+ 0, since the right side of (3.17) becomes small,

A comparison of the asymptotic formulas with the numerical calculations for q z 107°
indicated good agreement. For ¢ = 3 and q = 1, e.g.,

EReasymp = 41.92, ERenum = 42.59; for e = 10 and q = 1
ERe agymp = 16.93, Egequm = 17.01; for ¢ = 3 and q = 10~*

3 and q = 107°

EK.asymp = 23:02, EK.nm == 22.51; for 4

EK°asymp = 19.5, Eg.qum =17.6.

Relations (3.15) and (3.17) obtained above are in good agreement with the analogous
approximate formulas in [1, 4, 5].

4. We shall investigate the behavior of the solutions of the system (1.12)-(1.16) in
the interval (zg, —zK = zL), which includes the point O, with the aid of the Egs. (1.17).
In the case of a nonindependent discharge in the range € = 3-10, the behavior of the solution
in the region Ejne<C E < E1, in the first approximation, is independent of the nature of the
function S. Therefore, all the results obtained will be valid both for (1.9) and for (1.10).

The value of the constant in (1.18) is equal to ln K = (1 — Ap/Ag) ln yiu.. We intro-
duce the new variables % = z/yiqes ¥ = ¥/Yint:

If we introduce the parameter t, we can represent the integral (1.18) in the form

Q

Mg oy i, 41
Y= i=by—g, (4.1)
Making use of (1.17) and (4.1), we have
Ay Ag)—1 ~
y —(AA_‘,'A.K)/ AlhK) ~{1K=zx~XK<O, t>1,
o (= Ha) b= (24— Ag) galte T T lay =2, — X >0, 0L

When q ~ 1, ¥ > 0, the quantity @, — Ay = —(@a1@13)/A{ ~ §7*a (1 = A, K). The quantity xyg
can be represented for large t as
~ A Y

wKECKn a._ t, t>1, 4,2)

21f12 “12m

and in an analogous manner, we can represent xA for a small t as
Aym 7‘,4”

1{—04 t, 0<tgl. (4.3)

o1t M2

If » is not very large, we can disregard the first terms of (4.2) and (4.3) (as ¢ >~ 0,
#~+ ), Then using (4.1), we obtain

~ ) oA, T Ak Coaar
AYK P "A™K 197 A
I ~ __:_"1_____)_exp (._. "l, 12 K) ~ ){ - exp ( ——ﬂ 27 .
@y (g — Ag) A gt (b4 — *g) hy

From this it follows that ApXp ~ AgXg. If Ay ~ |AK| and IXK| << 1, then XA IiK{ ~ 1/2,
This result is confirmed by numerical calculatioms. For yjn¢ and [AW] (the potential drop
across (zg, —2g)), we shall have

Yu ~ 21 ( 2 lz)lzKl [A(H ~

7“1(’

ZK-
12 M

From this it can be seen that the value of zy must be so chosen as to make it possible
to disregard [A@] When q + 0, the values of yint and [A9] increase. The value of |XKI
also increases. These results and the results of the qualitative analysis of the solutioms
of system (1.12), (1.13) and estimates (3.16) agree with each other and with the results of
the numerical calculations.
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The quantity yyne < 1.5 exp (—1/(#v26))/V8. For small values of zg the volt—empere
characteristics depend weakly on the behavior of the solution of the problem (1.12)-(1.16) in
the interval (zx, —2zg). An analogous conclusion, based on the results of numerical calcula-
tions, was drawn in [6].

In real lasers the neutral gas is in motion. As a result of this, there is a convective
removal of the Joule heat and a viscous boundary layer is formed in the regions near the elec-
trodes. The density of the gas can no longer be considered constant. This means that the
calculation of the parameters of the flow in the electric field must be carried out on the
basis of a simultaneous solution of the gasdynamics equations and the system (L.1) (with the
pressure p replaced by the density p(x)).

This study may be regarded as one of the steps aimed at the investigation of the proper-
ties of system (l.1) with variable density and the calculation of the electrical discharge in
real electroionization lasers.
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A PARAXIAL MODEL FOR THE GROWIH OF AN EXTERNALLY MAINTAINED DISCHARGE
INFLUENCED BY ITS OWN MAGNETIC FIELD

G. V. Gadiyak and V. A. Shveigert UDC 537.633.9

A high-power electrical-ionization laser system employing compressed gas involves a high
discharge power and large geometrical dimensions. This increases the magnetic field of the
spatial discharge, and this begins to influence the motion of the electrons responsible for
the ionization. When the Larmor radius for the electrons becomes comparable with the trans-
verse dimensions of the discharge, the distribution of the ionization losses and of the elec-
tron density will be substantially inhomogeneous [1].

Here we consider an approximate model for a gas discharge initiated by a high-power rela-
tivistic electron beam. An analytic expression for the spatial distribution of the energy
absorbed in the discharge is derived for the steady-state case.

A two-dimensional problem can be formulated (Fig. 1) for a typical geometry of the
spatial discharge in a laser in which the longitudinal dimension is much larger than the
transverse dimension d, 7 << I, (d, distance between electrodes; 1, width of the discharge,
which is determined by the width of the beam; and lo, length of the discharge). A rela-
tivistic electron beam with zero velocity spread is injected along the z axis from the cathode,
with electron energy Up and current density jp. A potential difference Uo is applied to the
electrodes and there is a gas at pressure pe (atm) in the space between them.
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